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Abstract

In studies that produce data with spatial structure it is common that covariates of

interest vary spatially in addition to the error. Because of this, the error and covariate

are often correlated. When this occurs it is difficult to distinguish the covariate effect

from residual spatial variation. In an iid normal error setting, it is well known that this

type of correlation produces biased coefficient estimates but predictions remain unbi-

ased. In a spatial setting recent studies have shown that coefficient estimates remain

biased, but spatial prediction has not been addressed. The purpose of this paper is

to provide a more detailed study of coefficient estimation from spatial models when

covariate and error are correlated and then begin a formal study regarding spatial pre-

diction. This is carried out by investigating properties of the generalized least squares

estimator and the best linear unbiased predictor when a spatial random effect and a

covariate are jointly modeled. Under this setup we demonstrate that the mean squared

prediction error is possibly reduced when covariate and error are correlated.

Keywords: confounding bias; generalized least squares estimator; spatial prediction;

spatial correlation.
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1 Introduction

Many epidemiological, ecological, and geological studies (among others) are spatial in nature

in that observations taken from experimental units or subjects display some type of spatial

correlation. It is common for these types of studies to be conducted with the purpose of

determining relationships between covariates and response (e.g., the proximity to a water

source and cancer rates) and/or make predictions. Spatial regression models are typically

employed to model data that have been collected for these types of study objectives and

spatial structure is commonly incorporated by introducing latent experimental unit (or sub-

ject) random effects. Because covariates of interest are measured on each experimental unit,

they also may exhibit spatial structure and as a result are often correlated with the random

effect. When this occurs it is not easy to separate the regression effect from that of spatially

varying error since they are no longer orthogonal. This inability to separate covariate effects

from spatial error is referred to as spatial confounding.

Spatial confounding has been recognized for some time. Clayton et al. (1993) is probably

the first article to highlight spatial confounding, but since then Woodard et al. (1999), Reich

et al. (2006), and Wakefield (2007) (among others) have in one way or another noted that

incorporating spatial residual structure in regression models can produce puzzling results.

Formal studies of spatial confounding and its influence on inference have appeared more

recently. Paciorek (2010) considered spatial scale’s influence on biases induced by spatial

confounding. He along with Hodges and Reich (2010) showed that the practice of including

a spatially varying random effect does not necessarily reduce omitted variable bias. Further,

Hodges and Reich (2010) argued that spatial confounding is ubiquitous in spatial regression

and is not restricted to a particular type of model, but possibly may be present in any regres-

sion model that incorporates the notion that units near each other produce measurements

more similar than units further apart.
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A few solutions to avoiding spatial confounding’s effect on covariate inference have also

recently appeared in the literature. See for example Hodges and Reich (2010), Hughes and

Haran (2013), Caragea and Kaiser (2009), and Lee et al. (2014). These solutions address

dependence between covariate and spatial random effect by orthogonalizing in one way or

another the column spaces associated with each one resulting in the so called restricted

spatial regression (RSR) model. Recently, Hanks et al. (2015) considered the utility of the

RSR type models through an extensive simulation study. They showed that an increased

effective range resulted in an increased Type-S error for coefficient estimates produced by

the RSR model. (For Hanks et al. (2015) a Type-S error occurred if an interval associated

with a parameter that is zero does not contain zero. See Gelman and Tuerlinckx 2000 for

more details.) Paciorek (2010) also showed that effective range is an important factor in

spatial confounding bias. We briefly note that Paciorek (2010) used the term “spatial scale”

in place of “spatial range”. This terminology may be a bit confusing (“spatial scale” can also

refer to the fineness or proximity of spatial units), but in what follows we still use them

interchangeably and clarify when necessary.

Even though work dedicated to studying spatial confounding bias is present in the liter-

ature, to our knowledge, the focus has been on coefficient estimation and no formal study

regarding spatial confounding’s influence on spatial prediction exists (Hanks et al. (2015)

mention prediction in the context of partially observed fields when studying RSR, but do

not formally consider it). A possible reason for this is that under an iid regression, predic-

tions that don’t require extrapolation remain unbiased even in the presence of collinearity

and/or dependence between error and covariate. However, it is not obvious that this is the

case in a spatial setting and the principal purpose of this paper is to begin a formal study of

spatial confounding’s impact on prediction. To this end we first consider covariate coefficient

estimation under the same basic set up found in Paciorek (2010) and further knowledge re-

garding how spatial confounding affects the generalized least squared estimator (GLS) when
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correlation between a random effect and covariate is ignored. Once a general framework has

been established, we study properties of the the kriging predictor in the presence of spatial

confounding. It turns out that if correlation between covariate and error is ignored when in

fact they are jointly normal, then the mean squared prediction error (MSPE) of the kriging

predictor can, in some instances, be reduced.

We briefly mention that what we call spatial confounding is very similar to what econome-

tricians and social scientists call endogeneity in a non-spatial setting. Because the presence

of endogenous variables is common in those fields much work has been dedicated to develop

methods that handle them. However, just as in the statistical literature, to our knowledge

no formal study regarding prediction and endogeneity has been carried out. Also, there is a

literature that considers the bias of regression coefficients in a spatial setting when random

effects are considered as formal devices to implement some type of smoothing (Green 1985,

Speckman 1988, and Besag and Higdon 1999). Hodges and Reich (2010) and Paciorek (2010)

also address this perspective showing that spatial confounding persists.

The remainder of the article is organized as follows. In Section 2 we focus on analytical

results for covariate estimation under a joint normal model for random effects and covariate.

In Section 3, we turn our attention to prediction and under the same joint model consider bias

and MSPE of the kriging predictor. Some concluding remarks are provided in Section 4. Note

that an online supplementary file that contains additional numerical results accompanies this

article.

2 Estimation of a Single Covariate

We focus on analytical results that are tractable when the error structure is completely

known. Although this setting is unrealistic in most applied contexts, it does provide a

foundation on which investigating characteristics of the GLS estimator under the proposed
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model can begin. We follow the approach of Paciorek (2010) and consider covariates as being

random (which is reasonable in most regression settings and defensible in some experimental

design settings). We derive the expected value, bias, and MSE of the GLS estimator from a

spatial regression setting when a measured covariate varies spatially and is correlated with

a spatially varying error.

2.1 Setup of Theoretical Framework

Consider a simpler linear mixed regression model with spatial structure,

y = �01n

+ �1x+ z + e, e ⇠ N

n

(0, �2
I

n

), (1)

where x is a covariate and z is a spatially varying random effect. Here, y,x, z, and e are all

location dependent n-dimensional vectors, and 1
n

is a n-dimensional vector of 1’s. Spatial

structure is often induced in the model by assuming z ⇠ N(0, �2
z

R

z

(✓

z

)), where R

z

(✓

z

) is

a correlation matrix whose spatial structure is parametrized by ✓

z

. In model (1), x and z

are assumed to be independent (at least implicitly). Under this assumption it is possible to

marginalize y over z to get

y | x ⇠ N(�01n

+ �1x, �
2⌃), ⌃ = I

n

+ ⌘R

z

(✓

z

), (2)

where ⌘ = �

2
z

/�

2. More succinctly, if we define X = (1
n

,x) and � = (�0, �1)
0, (2) can be

written as y | x ⇠ N(X�, �

2⌃).

R

z

(✓

z

) can take on a variety of forms, the selection of which depends on the data types

and modeling goals. For example, if point-referenced or geostatistical data are available, a

common structure is R
z

(✓

z

) = (Corr(s
i

, s

j

;✓

z

)), where Corr(s
i

, s

j

;✓

z

) is a valid correlation

function with (s1, . . . , sn) 2 D = Rl and spatial structure parameterized by ✓

z

. If areal data
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are available, then a conditional autoregressive (CAR) model can be used to model z. One

specification of a CAR model is for ✓
z

= 

z

and R

z

(

z

) = (I

n

�

z

C)

�1 for 
z

2 (�

�1
min

,�

�1
max

).

C is an adjacency matrix, �

min

, �

max

are the smallest and largest eigenvalues of C and



z

is parameter associated with spatial dependence. The restriction on 

z

ensures that

(I

n

�

z

C)

�1 is positive definite and nonsingular. We list just two possible forms for R
z

(✓

z

)

many others are available (see Cressie 1993 and Banerjee et al. 2014).

If ⌃ is known, a consistent and efficient estimator for � is the GLS estimator given by:

ˆ

�

G

= Ay, where A = (X

0⌃�1
X)

�1
X

0⌃�1
. (3)

(Note that A is a function of ⌘.) The GLS estimator ˆ

�

G is also the maximum like-

lihood estimator under (2). From a Bayesian perspective, with likelihood found in (2)

and ⇡(�) / 1 as a prior distribution, the posterior distribution of � is � | y,x, �

2 ⇠

N2(Ay, �

2
(X

0⌃�1
X)

�1
) and so ˆ

�

G

= E(� | y,x, �2
). Thus, ˆ

�

G is a fairly universal estima-

tor for �. Now through well known multivariate normal properties, the sampling distribution

of ˆ

�

G given x is

(

ˆ

�

G | �, �2
z

,✓

z

, �

2
,x) ⇠ N2(�, �

2
(X

0⌃�1
X)

�1
). (4)

In addition to the distributional result, an immediate consequence of (4) is that ˆ

�

G is an

unbiased estimator of � with variance �

2
(X

0⌃�1
X)

�1.

As mentioned previously, (4) is available when x and z are independent. However, if x is

correlated with z (e.g., x ⇠ N

n

(0, �2
x

R

x

(✓

x

) and Cov(x, z) = ⇢�

x

�

z

R

1/2
x

(✓

x

)R

1/20
z

(✓

z

)), then

ˆ

�

G is no longer an unbiased estimator of � and the covariance matrix of ˆ

�

G is changed. This

is due to the fact that the GLS estimator ignores any correlation between the residual and

the covariate. In fact, as noted in Paciorek (2010), if x is correlated with z then it would not

be appropriate to marginalize y over z to obtain (2). In a regression setting where (y | x) is

of principal interest it would be more appropriate to marginalize y over (z | x). We develop
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this concept further for the case when x and z are jointly normal in the next section.

2.1.1 Analytical Results of the Generalized Least Squares Estimator for �

Consider the case where x and z are jointly normal with the following structure

✓
x

z

◆
⇠ N2n

✓
µ

x

µ

z

�
,


�

2
x

R

x

⇢�

x

�

z

R

1/2
x

R

1/20
z

⇢�

x

�

z

R

1/2
z

R

1/20
x

�

2
z

R

z

�◆
, (5)

where R1/2
z

is a n⇥n matrix satisfying R

z

= R

1/2
z

R

1/20
z

and may be a Cholesky decomposition

or an eigenvalue decomposition. Here and in what follows for notational convenience we

suppress denoting R

x

and R

z

explicitly as a function of ✓
x

and ✓

z

respectively. Using well

known properties of the normal distribution, under (5) the distribution of (z | x) is

(z | x) ⇠ N

n

�
µ

z

+ ⇢

�

z

�

x

R

1/2
z

R

�1/2
x

(x� µ

x

), �

2
z

(1� ⇢

2
)R

z

�
. (6)

Paciorek (2010) begins his study with the same cross-covariance structure as in (5) but with

the added condition that R

x

= R

z

resulting in a simple separable cross-covariance model

(see Section 9.3 of Banerjee et al. 2014). What we propose in (5) is a type of coregionalization

model (see Section 9.5 of Banerjee et al. 2014) that allows x and z to be completely different

stochastic processes. Additionally, Paciorek (2010) assumes µ

z

= µ

x

= 0 an assumption

that we adopt as µ

z

= 0 is a common assumption in random effects models and µ

x

= 0 is

analogous to centering x (with out loss of generality). Now, under (5) and µ

x

= µ

z

= 0, the

conditional distribution of the response given the covariate (y | x) is

(y | x) ⇠ N

n

�
X� + ⇢

�

z

�

x

R

1/2
z

R

�1/2
x

x, �

2⌃
⇢

�
, (7)

where ⌃
⇢

= I

n

+ ⌘(1 � ⇢

2
)R

z

. This result will be used in Section 3. We briefly note that

the same joint modeling is employed in the simulation studies found in Hanks et al. (2015),
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except they assume that ⇢ = 0. To investigate changes to the sampling distribution of

(

ˆ

�

G | x) if correlation between x and z is ignored, we derive a few statistical properties of

ˆ

�

G under (5).

Proposition 1. If x and z are jointly distributed as in (5) with all variance components

known, then the sampling distribution of ˆ

�

G defined in (3) is

(

ˆ

�

G | �, �2
z

, �

2
x

, �

2
,✓

x

,✓

z

, ⇢,x) ⇠ N2

�
� + ⇢

�

z

�

x

AR

1/2
z

R

�1/2
x

x, �

2⌃G

�
, (8)

where ⌃G

= (X

0⌃�1
X)

�1 � ⇢

2
⌘AR

z

A

0 and ⌘ = �

2
z

/�

2.

Proof. See the Appendix

Remark 1. Under (5), ˆ

�

G is now a biased estimator of � with

bias( ˆ�G | x, ⇢) = ⇢

�

z

�

x

AR

1/2
z

R

�1/2
x

x. (9)

As expected, bias( ˆ�G | x, ⇢) ! 0 as ⇢ ! 0. Also, because Ax = (0, 1)

0, under R

z

= R

x

bias( ˆ�G | x, ⇢) = ⇢

�

z

�

x

Ax =

✓
0, ⇢

�

z

�

x

◆0

. (10)

Thus, when spatial structure of z is equal to that of x, the bias incurred in the GLS estimator

of �1 is simply the regression coefficient that results when x is regressed on z which is a

result found in Paciorek (2010).

Remark 2. Regarding the variance we highlight two results. First, under (5) the variance

of ˆ

�

G is always smaller compared to when x and z are independent. Secondly, Var( ˆ�G | x, ⇢)

does not depend explicitly on the spatial structure or the variability of x (�2
x

R

x

).

Since the MSE incorporates both bias and variance, we turn our attention to its calcula-

tion in the next proposition.

8



Proposition 2. Under the assumptions of proposition 1 the MSE of ˆ

�

G is

MSE( ˆ�G | x, ⇢) = ⇢

2�
2
z

�

2
x

tr{AKA

0}+ �

2
tr{(X 0⌃�1

X)

�1}� ⇢

2
�

2
z

tr{AR

z

A

0}, (11)

where K = R

1/2
z

R

�1/2
x

xx

0
R

�1/20
x

R

1/20
z

. Note that the first term on the right hand side of (11)

is [bias( ˆ�G | x, ⇢)]0[bias( ˆ�G | x, ⇢)] and that the second term is MSE( ˆ�G | x, ⇢ = 0). So,

MSE( ˆ�G | x, ⇢)� MSE( ˆ�G | x, ⇢ = 0) = ⇢

2�
2
z

�

2
x

tr{A(K �R

z

)A

0}. (12)

The form of (12) indicates that the slope of the regression of x onto z influences the MSE.

That said, the form of (12) makes it difficult to develop intuition regarding how �

2
z

, �2
x

and

�

2 interact to influence the MSE as A is a complex function of ⌘ = �

2
z

/�

2. In fact, it is

not even obvious that A(K �R

z

)A

0 is positive definite. Knowing the positive definiteness

A(K � R

z

)A

0 would aid in determining if (12) is positive or negative since the trace of a

matrix is the sum of its eigenvalues and the eigenvalues of a positive definite matrix are all

positive. Even if R
x

= R

z

= R is assumed and

MSE( ˆ�G | x, ⇢)� MSE( ˆ�G | x, ⇢ = 0) = ⇢

2
�

2
z

tr{A
⇣
1

�

2
x

xx

0 �R

⌘
A

0}

= ⇢

2�
2
z

�

2
x

� ⇢

2
�

2
z

tr{ARA

0} (13)

it is still not clear how the MSE of ˆ

�

G is influenced by the variance components of (1) and

(5). In light of this, we resort to numerically exploring the MSE and bias of ˆ

�

G.

2.2 Numerical Exploration

To numerically explore how the covariance parameters in (1) and (5) influence the MSE

and bias of ˆ

�

G

1 when correlation between x and z is ignored, we take on the areal data
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modeling scenario of He and Sun (2000) who estimated county level hunting success rates

using postseason turkey harvest surveys for the state of Missouri. A simultaneous CAR

model structure (Clayton and Kaldor 1987) was used and thus R

z

= (I � 

z

C)

�1, where

C = (C

kl

) is a 114⇥ 114 symmetric adjacency matrix such that C
kk

= 0 for all k, C
kl

= 1 if

counties k and l share a common boundary, and C

kl

= 0 otherwise. As mentioned previously,



z

2 (�

�1
min

,�

�1
max

) to ensure that R

z

is nonsingular and it turns out that for the Missouri

neighborhood structure �

�1
min

= �0.3457 and �

�1
max

= 0.1756. The same general spatial

structure assumed for z is also assumed for x. Therefore, a multivariate normal distribution

whose covariance matrix is �

2
x

(I

n

� 

x

C)

�1 is used to generate realizations of x.

In order to compute (9) and (11) it remains to specify values for �

2
z

, �2
x

, �2, ⇢, 
z

, and



x

. We fixed �

2
z

= 0.03 wich corresponds to the estimated value in He and Sun (2000). To

include the cases that ⌘ < 1, ⌘ = 1, and ⌘ > 1 we set �

2 2 {0.003, 0.03, 0.3}. To consider

similar cases for b = ⇢

�

z

�

x

we set �

2
x

2 {0.003, 0.03, 0.3} and ⇢ 2 {0.0, 0.5, 0.9} with ⇢ = 0

indicating independence between z and x. Finally, we consider 

z

2 {�0.3, 0, 0.17} and



x

2 {�0.3, 0, 0.17}.

We generated 1000 x vectors and for each computed (9) and (11) and then averaged.

Therefore, the values found in Figures 1 and 2 correspond to estimates of E
x

[MSE( ˆ�G

1 | x, ⇢)]

and E

x

[bias( ˆ�G

1 | x, ⇢)]. For a few variance component factor combinations the horizontal

scale of Figures 1 and 2 masked differences between bias and MSE of ˆ

�

G

1 . Therefore, we

provide tables in the online supplementary material the contain values used in the figures.

Notice that in Figure 1 when 

z

= 

x

, then bias( ˆ�G

1 | x, ⇢) = ⇢

�

z

�

x

which corroborates

(10). It is curious that for a fixed 

z

, the 

x

that produces the largest bias and MSE of ˆ

�

G

1 is

that when there is no spatial structure in x (i.e., 
x

= 0). However the same cannot be said

for a fixed 

x

. Thus, it appears that z and x do not influence the MSE and bias equally. In

line with Paciorek (2010) and Hanks et al. (2015) it appears that spatial scale (or effective

range) is an important factor as moving across 
x

and/or 
z

seems to produce large changes
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Figure 1: Numerical results for E
x

[bias( ˆ�G

1 | x, ⇢)] using the spatial structure available from
the Missouri counties where neighborhoods are defined by counties that share a boundary.
Results are averages over 1000 replicates of x ⇠ N114(0, �2

x

(I

n

� 

x

C)

�1
)
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Figure 2: Numerical results for E
x

[MSE( ˆ�G

1 | x, ⇢)] using the spatial structure available from
the Missouri counties where neighborhoods are defined by counties that share a boundary.
Results are averages over 1000 replicas of x ⇠ N114(0, �2

x
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� 

x

C)

�1
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in MSE and bias (though �

2
x

appears to produce the largest effect). Finally, as expected, the

bias and MSE increase as ⇢ increases regardless of values of other parameters.

To see how different neighborhood structures might influence bias and MSE of ˆ

�

G

1 , we

also considered a “queen’s move” neighborhood structure on a regular grid of spatial locations

and results are similar to those just detailed. See the online supplementary material for more

details.

To further explore spatial scale’s influence on the MSE and bias of ˆ

�

G

1 , we now consider

a geostatistical example since an (effective) range is explicitly parameterized in most spatial

correlation functions. The numerical experiment is carried out by considering a regular

grid of 25 spatial units that are located on the unit square and using pair-wise distances

to construct R

z

and R

x

. An exponential correlation function is employed which has the

following form

Corr(s
i

, s

j

; ✓) = exp{�✓||s
i

� s

j

||},

where ✓ is a scale parameter. The effective range for this correlation function is d0 ⇡ 3/✓

where d0 denotes the distance at which the correlation drops to 0.05 (see Banerjee et al.

2014 pg. 27). We consider a sequence of values for ✓ so that the effective range associated

with z and x extends from 0.1 to 1.99 and is incremented by 0.03. We fix ⇢ 2 {0.5, 0.9}

and the remaining variance parameters to �

2
= �

2
x

= �

2
z

= 1. For each combination of ✓
z

and ✓

x

we generated 500 x vectors and averaged (9) and (11). The results are presented in

Figure 3. To highlight how x and y’s effective range influences bias and MSE differently as

⇢ increases, the legends in the figure are not on the same scale.

From Figure 3 first notice that increasing ⇢ increases both bias and MSE of ˆ�G

1 . However,

the influence that x and y’s effective range have on bias does not change when ⇢ increases

while that for MSE changes drastically. Further, it appears that increasing the effective

13
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Figure 3: Bias and MSE values associated with ˆ

�

G

1 . Bias and MSE were evaluated for a
range of spatial scale values for both x and z using an exponential correlation function.
Additionally, ⇢ 2 {0.5, 0.9} while all other variance components were fixed at �
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range of x while holding the effective range of z constant produces an increase in the bias

and MSE of ˆ

�

G

1 for both ⇢ = 0.5 and ⇢ = 0.9. However, holding x’s effective range constant

while increasing z’s results in an overall decreased bias. As pointed out by a reviewer, a

possible explanation for this might be that the variation in z is more efficiently accounted

for through the regression on x. The association of effective range in z and MSE for a fixed

x appears to be nonlinear as it seems to increase and then decrease. We feel that these

findings corroborate the results from the first simulation study of Hanks et al. (2015). As

effective range of x increases it seems that bias and variance of ˆ

�1 have similar contributions

to the MSE. However as the effective range of z increases it seems as if the bias increases

more than the variance which would result in higher Type S error rates. Finally, as expected,

increasing ⇢ produces more bias and a higher MSE.

3 Prediction in the Presence of Spatial Confounding

It is common in spatial statistics to formulate models like that in (1) with the goal of

making predictions. Predictions can be made at existing locations and/or at locations where

a response has yet to be measured. A popular random effect predictor associated with mixed

models is the best linear unbiased predictor (BLUP)(see Robinson 1991). The BLUP is best

in the sense that no other linear unbiased predictor has smaller variance and as a result

minimizes squared error loss when all covariance parameters are known. In a spatial setting

the BLUP corresponds to the kriging predictor under certain conditions (Christensen 2011).

The statistical properties of this predictor under typical mixed model assumptions have been

well studied (Cressie 1993). From a Bayesian perspective, predictions are derived from the

so called posterior predictive distribution which is typically denoted by p(y0 | y) where

y0 denotes a new observation. Handcock and Stein (1993) showed that if all covariance

parameters are known and a non-informative prior is used for the mean parameter (i.e.

15



⇡(�) / 1), the Bayes predictor (
R
y0p(y0 | y)dy0) is the same as the kriging predictor.

Therefore, the BLUP/kriging predictor is ubiquitous. Cressie (1993) studied the statistical

properties of BLUP/kriging predictors under the assumption that covariate and error are

independent. We now begin to explore the impact that spatial confounding has on the

variance, bias, and mean squared prediction error (MSPE) of the BLUP/kriging predictors.

It will be seen that under certain conditions these predictors can in fact perform better (in

terms of MSPE) in the presence of spatial confounding.

3.1 Framework for the Kriging Predictor

We take on the same approach with prediction as that under which covariate estimation was

considered. Namely, we explore the statistical properties of the kriging predictor of y under

data model (1) when x and z are jointly distributed as in (5). To that end, the kriging

predictor of y can be expressed by

ˆ

y = X

ˆ

�

G

+

ˆ

z, (14)

where ˆ

z is the BLUP of z whose specific form is

ˆ

z =

�

2
z

�

2
R

z

⌃�1
(y �X

ˆ

�

G

) = ⌘R

z

⌃�1
(I

n

�XA)y. (15)

(More details can be found in Christensen 2011 or Schabenberger and Gotway 2005.) Now

substituting (15) into (14) we get

ˆ

y = X

ˆ

�

G

+

ˆ

z = XAy + ⌘R

z

⌃�1
(I

n

�XA)y. (16)

As discussed in Section 2 marginalizing (16) over z would not be appropriate in the case

that x and z are correlated. Instead (z | x) should be used. The sampling distribution of ˆ

y

16



give x and ⇢ upon marginalizing over (16) with (z | x) is provided in the next proposition.

Proposition 3. If x and z are jointly distributed as in (5) with all variance components

known, then the sampling distribution of ( ˆy | �, ⇢, �2
z

, �

2
x

, �

2
,✓

x

,✓

z

,x) is normal with mean

E(

ˆ

y | x, ⇢) = X� + ⇢

�

z

�

x

(⌃�1
XA+ ⌘R

z

⌃�1
)R

1/2
z

R

�1/2
x

x (17)

and variance

Var( ˆy | x, ⇢) = �

2
(⌃�1

XA+ ⌘R

z

⌃�1
)⌃

⇢

(⌃�1
XA+ ⌘R

z

⌃�1
)

0
. (18)

Recall that ⌃
⇢

= Var(y | x) = I

n

+ ⌘(1� ⇢

2
)R

z

= ⌃� ⌘⇢

2
R

z

 ⌃, for all |⇢|  1.

Proof. The proof follows arguments similar to those found in Proposition 1 which are pro-

vided in the Appendix.

Since y and ˆ

y are both random vectors the bias and MSPE of ˆ

y are more complicated

to compute than that of ˆ

�

G. In particular bias( ˆy | x, ⇢) 6= E(

ˆ

y | x, ⇢) � y and MSPE( ˆy |

x, ⇢) 6= tr{Cov( ˆy | x, ⇢)} + bias( ˆy | x, ⇢)0bias( ˆy | x, ⇢). Therefore we consider MSPE and

bias of ˆy separately with the former being derived from first principles via MSPE( ˆy | x, ⇢) =

E[(

ˆ

y � y)

0
(

ˆ

y � y) | x, ⇢] and the latter with bias( ˆy | x, ⇢) = E(

ˆ

y | x, ⇢)� E(y | x, ⇢). The

results are provided in the next proposition.

Proposition 4. Under the assumptions of Proposition 3 and letting Q = ⌃�1
(XA � I

n

)

and µ = X� + ⇢

�

z

�

x

R

1/2
z

R

�1/2
x

x, the bias and MSPE of ˆ

y are

bias( ˆy | x, ⇢) = ⇢

�

z

�

x

QR

1/2
z

R

�1/2
x

x (19)
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and

MSPE( ˆy | x, ⇢) = µ

0
Q

0
Qµ+ �

2
tr{(XA� I

n

)

0⌃�2
(XA� I

n

)⌃
⇢

}. (20)

Notice that the first term on the right hand side of (20) is [bias( ˆy | x, ⇢)]0[bias( ˆy | x, ⇢)].

Proof. See the Appendix.

A consequence of Proposition 4 is that if z and x are correlated (⇢ 6= 0), ˆ

y is a biased

predictor of y. However, we provide two sufficient conditions that make the bias disappear.

First, if x and z have the same spatial structure (see next Corollary) and second, if both

x and z have no spatial structure (see online supplementary material). More details are

provided in subsequent paragraphs, but since bias( ˆy | x, ⇢) and MSPE( ˆy | x, ⇢) are complex

functions of ⌘ and ⇢

�

z

�

x

numerical exploration will be required to build intuition regarding

their influence. Before proceeding, we highlight (as mentioned above) that the bias and

MSPE of ˆ

y can be simplified dramatically if R
z

= R

x

is assumed. The result is provided in

the following corollary.

Corollary 1. Under the assumptions of Proposition 4 and R

z

= R

x

, then the bias and

MSPE of ˆ

y give x and ⇢ are

bias( ˆy | x, ⇢) = 0 (21)

and

MSPE( ˆy | x, ⇢) = �

2
tr{(X 0

A

0 � I

n

)⌃�2
(XA� I

n

)⌃
⇢

}. (22)

Proof. See the Appendix
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From Corollary (1) we see that when spatial structure between x and z is identical,

then the kriging predictor is unbiased regardless of whether spatial confounding is present

or not! Looking at the form of the bias of ˆ

y it seems that when spatial structure (scale)

in covariate and random effect are the same they tend to cancel each other out resulting

in non-spatial collinearity under which the linear predictor is unbiased. Further, it can be

shown (see the Appendix) that bias( ˆy | x, ⇢) = 0 for all x if and only if XA = I

n

. Notice

that if XA = I

n

then (16) becomes ˆ

y = y which implies that the kriging predictor under

model (5) becomes an exact interpolator. In a regular spatial setting, the noiseless kriging

predictor (kriging without a nugget) is also an exact interpolator (see Banerjee et al. 2014).

Therefore, it is reasonable to believe that when x and y have the same spatial structure,

employing the joint model (5) produces the same predictor as that derived in a typical

spatial prediction setting. It therefore appears that spatial scale is crucial to understanding

spatial confounding’s influence on prediction. This same observation was made by Paciorek

(2010) regarding spatial confounding’s influence on coefficient estimation. Finally, notice

that comparing MSPE when ⇢ = 0 and ⇢ 6= 0 is simply a comparison of ⌃
⇢

and ⌃

MSPE( ˆy | x, ⇢)� MSPE( ˆy | x, ⇢ = 0) = µ

0
Q

0
Qµ+ �

2
tr{Q0

Q[⌃
⇢

�⌃]}.

3.2 Numerical Results Associated with ˆ

y

As in the previous sections, to better understand how bias( ˆy | x, ⇢) and MSPE( ˆy | x, ⇢)

depend on the parameters found in the expressions of Proposition 4 it is necessary to conduct

a numerical study. We take on the same Missouri county neighborhood structure as in Section

2.2 and collect 1000 draws of x. Because the bias of ˆy is a 114-dimensional vector, there are a

number of methods that can be used to arrive at a single numerical summary. Among these is

the absolute bias averaged over 114 counties which we employ. Therefore the values provided

in Figures 4 and 5 correspond to estimates of 1
114

P114
i=1 Ex

(|bias(ŷ
i

|x, ⇢)|). We highlight a
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few trends.

First focusing on bias, as expected when ⇢ = 0 or 
x

= 

z

(which implies that R
x

= R

z

)

there is no bias demonstrating (21). Additionally, as b (or ⇢) increases, then the bias also

increases. Further, when the difference between 

z

and 

x

increases (or spatial scales become

less similar) the bias increases. Even though the influence that �

2
x

appears to be negligible,

the tables provided in the supplemental material do provide a more fine tuned picture of its

impact.

Some very interesting (and unexpected) patterns emerged regarding MSPE. A decrease

in ⌘ results in an increased MSPE. For a fixed 

z

, as the difference between 

z

and 

x

increases, the MPSE also increases. It is very interesting to note that the MSPE decreases

when the absolute value of ⇢ increases which is the opposite to what occurred for the bias.

Therefore, the decrease in variance as a result of a large ⇢ seems to overpower the increase

in squared bias. The implication of this result is that in the presence of spatial confounding

the kriging predictor might actually perform better.

In the supplementary material we provide graphs of numerical results associated with

bias and MSPE of ˆ

y under a queen’s move neighborhood structure. The same general

trends that were discussed for the Missouri county neighborhood structure appear there as

well. However, in the supplementary material we also varied �

2
z

in addition to the other

variance components and it appears that as �

2
z

decreases ⇢’s ability to decrease the MSPE

is diminished.

Similar to how spatial scale was explored for coefficient estimation (see Section 2.2), we

employ the exponential correlation function on a 25⇥ 25 regular grid to investigate spatial

scale’s influence on bias( ˆy | x, ⇢) and MSPE( ˆy | x, ⇢). In Figure 6 the bias associated with ˆ

y

is zero when effective range in x and z is equal and increases as ⇢ increases. It also appears

that bias increases as the spatial range in x and y become more distant. Alternatively, as ⇢

increases the MSPE decreases agreeing with previous numerical results. It also appears that
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Figure 4: Numerical results for bias( ˆy | x, ⇢) using the spatial structure available from
the Missouri counties where neighborhoods are defined by counties that share a bound-
ary. Results are averages over 1000 replicas of x ⇠ N114(0, �2

x

(I

n

� 

x

C)

�1
) and

1
114

P114
i=1 Ex

(|bias(ŷ
i

|x, ⇢)|)
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Figure 5: Numerical results for E
x

[MSPE( ˆy | x, ⇢)] using the spatial structure available from
the Missouri counties where neighborhoods are defined by counties that share a boundary.
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the effective range in z has a larger impact on the MSPE than the effective range in x. This

is similar to what was found in coefficient estimation.

3.3 Out of Sample Prediction of y

The same procedure developed in the previous section can be used to assess spatial con-

founding’s impact on the kriging predictor at a new location. To see this, let s0 denote a

new location at which prediction is desired and let x0 = (1, x0) denote the covariate value

measured at location s0. Further, let ŷ0 denote the prediction for x0 at s0. Let K(s0, ·)

denote a valid correlation function and r0 = (K(s0, s1), . . . , K(s0, sn)) denote the covariance

between s0 and the n observed locations. Assuming the same spatial structure at the new

location the kriging predictor is (see Cressie 1993)

ŷ0 = x

0
0
ˆ

� + r

0
0⌃

�1
(y �X

ˆ

�)

= G0y, (23)

where

G0 = x

0
0A+ r

0
0⌃

�1
(I �XA). (24)

Connecting the out of sample predictor (24) with (16) is straightforward and results would

then follow in a similar manner as in Section 3.1.

4 Discussion

As pointed out in Hodges and Reich (2010), spatial confounding is pervasive in models that

incorporate the idea that units near each other (in a spatial sense) produce measurements
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Figure 6: Bias and MSPE values associated with ˆ

y. The bias and MSPE were evaluated for
a range of spatial scale values for both x and z using an exponential correlation function.
Additionally, ⇢ 2 {0.5, 0.9} while all other variance components were fixed at �

2
= �

2
x

=

�

2
z

= 1.
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that are more similar than units that are far apart. Therefore, addressing spatial confound-

ing is an important and necessary exercise for both applied and theoretical practitioners of

spatial statistics. We’ve provided more insight regarding spatial confounding’s impact on

coefficient estimation by generalizing theory initiated in Paciorek (2010) with an accompa-

nying numerical study. We found that the spatial scales of both response (y) and covariate

(x) are highly influential and in some instances interact in counter intuitive ways. The more

novel contributions we provide are the results regarding spatial confounding’s impact on the

BLUP (kriging) spatial predictors. Unlike in the iid setting these predictors are not unbi-

ased and we showed that the bias depends crucially on spatial scale in x and y. Further,

we showed through numerical experiments that spatial confounding can actually improve

prediction performance in terms of MSPE.

A natural extension to the work carried out in this article would be to explore if results

hold for data that are not Gaussian. This would require studying spatial generalized linear

mixed model framework (the framework under which Hughes and Haran (2013) and Hanks

et al. (2015) studied spatial confounding). The theory developed in this paper depends quite

heavily on the linear properties of the Gaussian model which would require new theory for

data that is not Gaussian. That said, our intuition leads us to believe that the same trends

would appear for non Gaussian data, but theoretical results will be hard to come by, requiring

more numerical studies to learn about the influence. Finally, in practice, variance parameters

will not be known and this most likely will influence bias and MSPE of the kriging predictor.

What we have presented is a nice beginning to the study of spatial confounding’s influence

on prediction, but more research is needed to study the properties of kriging predictor when

variance parameters are unknown.
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Appendices

A Proofs

A.1 Proof of Proposition (1)

Proof. Because (z | x) and e are independent normal distributions, the distribution of

(y | x) (with all variance components known) is normal with mean X� + E(z | x) and

covariance Var(z | x) + Var(e). Therefore, ˆ

�

G (which is a linear combination of y) is

normally distributed with mean
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and covariance matrix

Var( ˆ�G | x, ⇢) = (X
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A.2 Proof of Proposition (3)

Proof. Using similar arguments to those in Section A.1, we have
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and
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Var( ˆy | x, ⇢) = [XA+ ⌘R
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A.3 Proof of Proposition (4)

Proof. Because the conditional distribution of y given x is N(µ, �
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and

MSPE( ˆy | x, ⇢) = E[(
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A.4 Proof of Corollary (1)

Proof.
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A.5 Proof of bias( ˆy | x, ⇢) = 0 8 x () XA = In

Proof.

bias( ˆy | x, ⇢) = 0 8 x
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Now if XA = I

n

it is obvious from (19) that bias( ˆy | x, ⇢) = 0 8 x.
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